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A B S T R A C T

We have studied the magneto-Stark effect of exciton states with large wave vectors, significantly exceeding
the wave vector of light. This magneto-Stark effect can be called ‘‘giant’’ in comparison with a similar effect
observed in bulk materials in comparable magnetic fields. In this work, we propose a microscopic model of the
‘‘giant’’ magneto-Stark effect. The model does not contain any free parameters. The numerical results obtained
in the framework of this model quantitatively describe the experimental results published earlier in Ref. S. Y.
Bodnar et al., (2017) for a heterostructure with a wide GaAs/AlGaAs quantum well in a magnetic field.
Introduction

Optical spectroscopy of wide quantum wells (QWs) provides rich
information on the states of moving excitons [1–3]. A QW is consid-
ered wide in the case when its thickness exceeds the exciton Bohr
radius by one order of magnitude [4,5]. In wide QWs, the exciton
center-of-mass motion is quantized as it is experimentally and the-
oretically confirmed for the GaAs/Al𝑥Ga1−𝑥As QWs [6–13], for the
ZnSe/ZnS𝑥Se1−𝑥 QWs [14], for the In𝑥Ga1−𝑥As/GaAs [15], and for the
PbI2 thin films [16]. The quantization of the exciton motion results in
the appearance of discrete energy levels, which manifest themselves as
resonances in optical spectra.

Experimental and theoretical studies of the quantization of exciton
motion in different external magnetic and electric fields, as well as
the strain field, are of particular interest. Application of external fields
often leads to new effects, which allows one to deeply understand
the nature and properties of exciton states. For example, an uniaxial
stress applied to a wide QW induces the convergence of heavy and
light exciton masses and leads to the phase inversion of the exciton
resonances in optical spectra [17,18]. An external electric field results
in modification of the electron–hole relative motion in the exciton, in
a decrease of the exciton–light coupling, and in changes of the exciton
dispersion described by the linear-in-wave vector terms in the exciton
Hamiltonian [19,20].

An external magnetic field is another example of a field inducing
a variety of effects in the exciton system [21–36]. Two geometries of
experiments with magnetic fields are typically considered. In Faraday
geometry, when the magnetic field is parallel to the exciton wave vec-
tor, several effects have been observed. One of them is the exciton spin
splitting, whose value depends on the exciton wave vector. In optical
spectra, this effect manifests itself as the dependence of the Zeeman
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splitting on the QW thickness, see, e.g., Refs. [21–28,36]. For the case
of wide QWs, this effect is treated as the dependence of the 𝑔-factor on
the number of the exciton quantum-confined state [23,24,28].

In the Voigt geometry, the magnetic field is directed perpendicular
to the wave vector of exciton. In this case, the magnetic field leads
to a modification of exciton dispersion that is the dependence of the
exciton energy on its wave vector. This effect is explained in terms of
an increase in exciton mass [29–31,33–35] or an exciton diamagnetic
shift, which is dependent on the exciton wave vector [32].

In this work, we theoretically study the quantum-confined exciton
states in a wide GaAs/Al0.3Ga0.7As QW in a transverse magnetic field
(Voigt geometry). We consider the influence of a magnetic field on the
moving exciton as an impact of an effective electric field. This electric
field results in an exciton energy shift because of the Stark effect.
For excitons moving across a magnetic field, this effect is extensively
discussed in the literature for bulk semiconductors, see, e.g., Refs. [37–
47], as well as for double quantum wells and stacking faults, see
Refs. [48–50], and it is called the magneto-Stark effect (MSE). How-
ever, in those cases, it was possible to observe only the exciton states
for which the wave vector is equal to the wave vector of light. This
restricts the strength of the effective electric field and, consequently,
the magnitude of MSE.

We propose a model of MSE in a wide QW, the spectroscopy of
which allows to observe the states of quantization of the exciton center-
of-mass motion. The wave vectors of these exciton states significantly
exceed the wave vector of light. Therefore, the MSE is also much
stronger than the similar effect for bulk semiconductors. Such a ‘‘giant’’
MSE in a wide QW has been experimentally observed, in particular,
in the works [31,32,34]. In the work [34], exciton reflectance spectra
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Fig. 1. Experimental reflection spectra of a heterostructure with the 225-nm GaAs
QW at 𝐵 = 0, 1, 2, and 3 T. Numbers 𝑁 = 9, 11,… , 19 indicate the energy levels
corresponding to the quantization of the exciton motion. The dotted lines show the
approximate position of the reflection oscillation maxima. The experimental data are
adopted from Ref. [34].

of a heterostructure containing a 225-nm GaAs/Al0.3Ga0.7As QW were
easured in magnetic fields 𝐵 from 0 to 3 T applied to the structure

n the Voigt geometry. Several typical spectra are shown in Fig. 1.
The spectra exhibit a dominant amplitude feature corresponding to

he main optical transition of the heavy-hole exciton, for which the
ave vector is 𝐾 = 𝑞, where 𝑞 is the wave vector of light. Higher

n energy, low-amplitude reflectance oscillations are observed, which
re related to the quantization of the center-of-mass exciton motion.
n Ref. [34], each oscillation was associated with the number 𝑁 of

the exciton quantization level. In zero field, the energy of oscillation
maxima (exciton resonances) increases quadratically with increasing
𝑁 , in accordance with the model of the center-of-mass quantization
of exciton in a wide QW [1–16]. An exciton wave vector 𝐾 can be
introduced, which takes discrete values at the exciton resonances,

𝐾𝑁 = 𝜋 𝑁
𝐿𝑄𝑊 − 2𝐿𝐷

, (1)

where 𝐿𝑄𝑊 is the thickness of the well layer and 𝐿𝐷 ≈ 15 nm is the
value of the so-called ‘‘dead layer’’ [6,34].

In the presence of a magnetic field, the energy of these oscillations
increases because of the exciton diamagnetic shift [34]. However, the
larger the oscillation number 𝑁 , the smaller the increase in energy.
This effect is observed as a convergence of spectral oscillations with
ncreasing field, see Fig. 1. Here we prove that this phenomenon is

caused by MSE. Namely, we show that the larger the product 𝐾𝑁𝐵,
he larger exciton energy change induced by MSE. Together with the

diamagnetic shift of the exciton states to the higher energies, which
is independent on 𝑁 , the MSE results in slowing down the energy
shift with 𝑁 that is in convergence of spectral oscillations observed
experimentally.

We also consider whether there are other mechanisms, in addition
o MSE, that lead to an 𝑁-dependent exciton energy decrease in the

magnetic field. To solve these theoretical problems, a microscopic
model is proposed that does not contain any free parameters. In the
ramework of the model, the energies and wave functions of the exciton
n a magnetic field in a QW are calculated.

The paper is organized as follows. Section 1 is devoted to consider-
ation of the exciton Hamiltonian in an external magnetic field applied
in the Voigt geometry. In Section 2, we perform theoretical calculations
f exciton energies, which are compared with those obtained from the
xperimental reflectance spectra. A short discussion of the obtained
esults and conclusion is given in Section 3.
2 
1. Basic equations for exciton in magnetic field

Let us consider an exciton in a bulk crystal of the zinc-blende sym-
metry moving along the axis, which coincides with the [001] crystal
axis. In this case, the projection of the exciton wave vector on the axis
is 𝐾. The magnetic field 𝐁 is directed along the 𝑥 axis, that is, 𝐵 = 𝐵𝑥,
𝐵𝑦 = 𝐵𝑧 = 0. The coordinate axis 𝑥 is directed along the crystal axis
100].

Exciton states in GaAs-type materials are formed by electron states
f the twofold degenerate conduction band 𝛤6 and hole states of the
ourfold degenerated valence band 𝛤8. The conduction band states
iffer in their electron spin projections, 𝑠𝑒 = ±1∕2, and the valence
and states differ in their projections of the total angular momentum
f the hole, 𝑗ℎ = ±3∕2,±1∕2. There are eight exciton states in total,
𝑗ℎ, 𝑠𝑒⟩, differing in configurations of spin projections of electrons and
oles.

The exciton Hamiltonian is the sum of the Hamiltonians of free
electrons and holes, Ĥ𝑐 and Ĥ𝑣, and their Coulomb interaction,

ĤX = Ĥ𝑐 + Ĥ𝑣 −
𝑒2

𝜀0𝑟
. (2)

Here 𝑒 is the electron charge, 𝜀0 is the background dielectric constant
of the semiconductor, and 𝑟 = |𝐫𝑒 − 𝐫ℎ| is the distance between the
lectron and the hole, where 𝐫𝑒, 𝐫ℎ are the radius-vectors of the electron
nd the hole.

This Hamiltonian can be written in terms of the momentum opera-
ors of the relative motion of the electron and the hole in the exciton,
�̂�𝛼 , and the wave vector of the exciton center-of-mass motion, 𝐾, see
.g., Refs. [1,3,51]. The first operator has the form �̂�𝛼 = −𝑖ℏ𝜕∕𝜕 𝛼, where
𝛼 = 𝑥, 𝑦, 𝑧 are the coordinates of the relative electron–hole motion. The
wave vector of the exciton center-of-mass motion can be considered
simply as a number.

The magnetic field is taken into account in the exciton Hamil-
onian through the terms dependent on the vector potential 𝐀. The
omponents of the vector potential in the Landau gauge are, see,
.g., Ref. [52]

𝐴𝑧 = 𝐵 𝑦, and 𝐴𝑥 = 𝐴𝑦 = 0. (3)

As a result, the matrix operator of the Hamiltonian (2) can be written
s (see Appendix A)

Ĥ𝑋 = Lℏ2𝐾2

2
−

�̂�2

2𝜇
− 𝑒2

𝜀0𝑟
+
( 𝑒
𝑐

)

Lℏ𝐾 𝐵 𝑦

− 2 𝛾3
𝑚0

( 𝑒
𝑐

) 𝑚𝑒𝑚ℎ

(𝑚𝑒 + 𝑚ℎ)2
{𝐽𝑦, 𝐽𝑧}𝐾 𝐵 𝑦

+
( 𝑒
𝑐

)2 𝑚3
𝑒 + 𝑚3

ℎ

2(𝑚𝑒 + 𝑚ℎ)2𝑚𝑒𝑚ℎ
𝐵2𝑦2.

(4)

Here the first term is the kinetic energy of the exciton center-of-mass
motion. In the matrix of reciprocal exciton masses L, all off-diagonal
elements are zero and the diagonal elements are 1∕𝑀ℎ(𝑙). Here, 𝑀ℎ(𝑙) =
𝑒+𝑚ℎℎ(𝑙 ℎ) are the masses of heavy-hole (index ℎ) and light-hole (index

) excitons, where 𝑚𝑒 is the effective mass of the electron and 𝑚ℎℎ(𝑙 ℎ)
re the masses of heavy (ℎℎ) or light (𝑙 ℎ) holes. In the approximation of
arge wave vectors (𝐾 ≫ 1∕𝑎𝐵 , where 𝑎𝐵 is the exciton Bohr radius), the
asses of the heavy and light holes are assumed to be equal to 𝑚ℎℎ(𝑙 ℎ) =
0∕(𝛾1± 2𝛾2), where 𝛾1 and 𝛾2 are the Luttinger parameters and 𝑚0 is the
ass of a free electron [53]. Note that the MSE could be, in principle,

discussed for states with small wave vectors 𝐾. The main problem in
this case consists in the non-parabolicity of dependence of the exciton
energy on 𝐾 (see Ref. [53]) that strongly complicates the modeling of
the MSE at small 𝐾. On the other hand, experimental information about
the exciton states with small 𝐾 is limited because these states overlap
each other in wide QWs and they are not observable in bulk crystals.
Therefore, in the following, we only consider exciton states with large
wave vectors.

The second term in Eq. (4) describes the kinetic energy of the
relative motion of the electron and hole in the exciton. It contains the
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reduced mass, 𝜇 = 𝑚𝑒𝑚ℎ∕(𝑚𝑒 + 𝑚ℎ), where 𝑚ℎ = 𝑚0∕𝛾1, see [53]. The
uantity �̂�2 = �̂�2𝑥+ �̂�2𝑦+ �̂�2𝑧 is the squared momentum operator of relative

motion.
The fourth and fifth terms in Eq. (4) contain both the wave vector

f the exciton center-of-mass motion and the coordinate of the relative
lectron–hole motion. These are the key terms for the MSE as we show
n the next section. The constant 𝑐 is the speed of light. The fifth term
omes from the anisotropic part of the hole Hamiltonian [54]. Quantity
3 is the Luttinger parameter. The matrix operator {𝐽𝑦, 𝐽𝑧} describes
he mixing of states of the heavy-hole excitons |±3∕2, 𝑠𝑒⟩ with those of
he light-hole excitons |±1∕2, 𝑠𝑒⟩. Here, 𝐽𝑦 and 𝐽𝑧 are the hole angular
omentum matrices.

The last term in Eq. (4) describes the exciton diamagnetic shift. A
heoretical model of the diamagnetic shift in relatively narrow QWs is,
n principle, a nontrivial problem. Besides the last term in (4), several

effects, such as the heavy-hole–light-hole exciton coupling, the coupling
of the heavy-hole exciton states with the states of the spin–orbit split-
off band, and the effects at the QW/barrier interfaces, can contribute
to the diamagnetic shift. An analysis performed in Ref. [36] has shown
hat all these contributions are really important for the narrow QWs.
owever, in the case of the wide QWs considered in this work, the

elative electron–hole motion is weakly affected by the QW interfaces,
s it is extensively discussed in many papers, see [4,5]. Therefore, the

diamagnetic shift in wide QWs should be similar to that in bulk crystal.
All the contributions discussed in Ref. [36] should be negligibly small in
ulk GaAs. This conclusion has been verified in many publications (see,

e.g., [55–57]). Our analysis of the experiment of Ref. [34] performed
below also confirms this conclusion. Therefore, these effects are not
discussed below in the paper.

The expression (4) should also contain a term describing the exciton
Zeeman splitting, 𝜇𝐵(𝑔𝑒𝜎𝑥 + 𝐽𝑥𝑔ℎ)𝐵. Here 𝜎𝑥 is the Pauli matrix, 𝑔𝑒 and
𝑔ℎ are the electron and hole g-factors, respectively, and 𝜇𝐵 is the Bohr
magneton. However, simple estimates show that for GaAs this splitting
does not exceed 0.08 meV in the magnetic field 𝐵 = 3 T. This is due to
the small value of the electron g-factor, 𝑔 = −0.44, and the negligible
small value of the transverse component of the g-factor of the heavy
hole [54]. The splitting is much smaller than the energy shifts described
by other terms of the expression (4). Therefore, we do not consider this
term hereafter.

The assumptions described allow us to represent the exciton Hamil-
tonian as a block-diagonal matrix. The blocks are the matrices of size
2 × 2, the off-diagonal elements of which mix the states |±3∕2, 𝑠𝑒⟩ with
he states |±1∕2, 𝑠𝑒⟩.

To further simplify the problem, we consider MSE only for the
ptically active states of the heavy-hole exciton, which most clearly
anifest themselves in optical experiments. The light-hole exciton

esonances are hardly visible in the experiments for wide QWs due to
maller oscillator strength and larger broadening [6,13,34]. At the same
ime, the mixing of the heavy-hole exciton states with the optically
nactive light-hole exciton states should be taken into account. Finally,
e should note that the behavior of the heavy-hole exciton states
+3∕2,−1∕2⟩ and |−3∕2,+1∕2⟩ are equivalent in the framework of the
ssumptions made. Therefore, it is sufficient to consider only one of
hem. We consider only the |3∕2,−1∕2⟩ state, which is mixed with the
ptically inactive |1∕2,−1∕2⟩ state.

2. Magneto-Stark effect for large exciton wave vectors

To calculate the energy and wave functions of the relative motion
of an electron and a hole in an exciton, one should solve the eigenvalue
problem with the Hamiltonian (4). It is convenient to transform a

artesian coordinate system into a cylindrical one according to the
following expressions

√

𝜌 = 𝑥2 + 𝑧2, 𝑦 = 𝑦, 𝜙 = ar ct an(𝑥∕𝑧). (5) 𝛾

3 
It should be emphasized that the optically active states observed ex-
perimentally correspond to the lowest state of the relative electron–
hole motion. These states are symmetric in angle 𝜙, and, correspond-
ingly, they do not depend on this variable. Therefore, the Hamiltonian
considered here does not contain angle 𝜙 and its derivatives.

In the cylindrical coordinates (5), the matrix operator of the Hamil-
onian takes the form, see, e.g., Refs. [58,59]

Ĥ𝑋 =
(

�̂�ℎ 𝑉𝐾 𝐵
𝑉 ∗
𝐾 𝐵 �̂�𝑙

)

, (6)

where

�̂�ℎ,𝑙 =
ℏ2𝐾2

2𝑀ℎ,𝑙
− ℏ

2𝜇

( 𝜕2

𝜕 𝜌2 + 1
𝜌

𝜕
𝜕 𝜌 + 𝜕2

𝜕 𝑦2
)

− 𝑒2

𝜀0
√

𝜌2 + 𝑦2
+ 𝑒𝐹 (ℎ,𝑙)

𝐾 𝐵 𝑦 +𝐷 𝐵2𝑦2.
(7)

Here the following notations are introduced
̂𝐾 𝐵 = −𝑒𝛾3ℏ

√

3
𝑚𝑒𝑚ℎ

(𝑚𝑒 + 𝑚ℎ)2𝑚0𝑐
𝐾 𝐵 𝑦, (8)

𝐹 (ℎ,𝑙)
𝐾 𝐵 = ℏ𝐾 𝐵

𝑀ℎ,𝑙𝑐
, (9)

𝐷 =
( 𝑒
𝑐

)2 𝑚3
𝑒 + 𝑚3

ℎ

2(𝑚𝑒 + 𝑚ℎ)2𝑚𝑒𝑚ℎ
. (10)

Note that the second term in the second line of the expression (7)
can be formally represented as the energy contribution from the effec-
ive electric field, 𝐹 (ℎ,𝑙)

𝐾 𝐵 , defined by Eq. (9). It depends on the product
of the exciton wave vector and the magnetic field. The energy shift
escribed by this term has previously been discussed in the literature
s the magneto-Stark effect [37–47]. Similar to the usual Stark effect,
t leads to a decrease in exciton energy.

The last term in the expression (7) describes the diamagnetic shift
f the exciton. The action of this term can be considered as a parabolic

potential along the 𝑦 coordinate, which, in addition to the Coulomb
interaction, confines the motion of the electron and the hole in the
exciton. The steepness of the parabolic potential depends on the square
of the magnetic field. The height of the potential tends to infinity as 𝑦2
increases when the magnetic field 𝐵 ≠ 0. This term plays an important
role in the model of MSE at large 𝐾 (giant MSE), since the parabolic
potential does not allow the electron and the hole in the exciton to
move from each other to infinity in the effective electric field.

Note that the Coulomb potential for the electron and the hole
in the exciton becomes partially tunnel-transparent in the non-zero
electric field, see, e.g., Refs. [60,61]. This means that the exciton
issociates if we do not take into account the diamagnetic terms in

the expression (7). Consequently, exciton states do not decay in the
effective electric field only owing to the effect of the diamagnetic shift
of the exciton energy.

The perturbation 𝑉𝐾 𝐵 defined by Eq. (8) describes the mixing of
states of heavy-hole and light-hole excitons. This mixing occurs because
the symmetry of the crystal lattice is lower than the spherical symmetry
of three-dimensional space. In crystals with a cubic lattice, this leads to
corrugation of the surface of constant hole energy because of coupling
light-hole and heavy-hole states, see, e.g., [54].

The numerical solution of the eigenvalue problem for the Hamil-
tonian (7) is carried out using the representation of derivatives by
difference schemes on a finite discrete coordinate grid [62]. Since this
Hamiltonian involves second derivatives with respect to two variables
s well as the mixing of heavy-hole and light-hole excitons, the prob-
em reduces to the diagonalization of a seven-diagonal matrix, see

Appendix B.
Examples of the cross sections of the wave functions of the heavy-

ole exciton |3∕2,−1∕2⟩ calculated by this way are presented in
Fig. 2(a), (b). The following values of the material constants for bulk
GaAs were used in the calculations: the Luttinger parameters 𝛾1 = 6.8,

= 2.3, and 𝛾 = 2.9; the electron effective mass 𝑚 = 0.067 𝑚 (see
2 3 𝑒 0
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Fig. 2. Cross sections of the wave functions calculated for the exciton with the wave
vector 𝐾 = 2.5 × 106 cm−1 in the magnetic fields 𝐵 = 0 (a) and 𝐵 = 3 T (b). Panel (c):
dependence of dipole moment 𝑑 of the exciton with wave vector 𝐾 = 2.5 × 106 cm−1 on
the magnetic field strength. Points are the calculation results; the curve is a parabolic
approximation.

Table 3.9 in Ref. [63]); the background dielectric constant 𝜀0 = 12.56
[64]. As the figure shows, the magnetic field for a moving exciton leads
to some asymmetry in the wave function of the relative motion. This
asymmetry is caused by the action of the effective electric field, which
leads to a distortion of the Coulomb potential and, as a consequence, a
shift of the maximum of the wave function from the point 𝜌 = 0, 𝑦 = 0.
In other words, the effective electric field leads to exciton polarization.

The polarization can be expressed in terms of the exciton dipole
moment, 𝑑 = 𝑒 ⋅⟨3∕2,−1∕2|𝑦|3∕2,−1∕2⟩. The magnetic field dependence
of 𝑑(𝐵) for the exciton with the wave vector 𝐾 = 2.5 × 106 cm−1 is
shown in Fig. 2(c). As seen, in small magnetic fields 𝐵 ≤ 2 T, the dipole
moment increases. This is due to the action of the effective electric field,
which leads to MSE. At larger magnetic fields, 𝐵 > 2 T, the magnitude
of the dipole moment is saturated and tends to decrease. The decrease is
due to the influence of the exciton diamagnetic effect, which confines
the relative electron–hole motion. The confining potential is propor-
tional to the square of the applied magnetic field. Correspondingly, for
𝐾 = 2.5 × 106 cm−1, the influence of the diamagnetic shift becomes
more significant than the influence of the effective electric field linearly
depending on 𝐵.

To verify the numerically obtained results, we compared them with
the experimental results published earlier in the paper [34]. In the
absence of a magnetic field, the energy of the exciton center-of-mass
quantization level can be described by the expression:

𝐸(𝐾𝑁 , 0) = 𝐸𝑔 + 𝑅𝑋 +
ℏ2𝐾2

𝑁
2𝑀ℎ

, (11)

where 𝐸𝑔 is the band gap in the semiconductor and 𝑅𝑋 = −𝜇 𝑒4∕(2ℏ2𝜀2)
is the binding energy of the ground exciton state in a bulk crystal. The
discrete values of the wave vector 𝐾𝑁 are determined by the expression
(1).

Knowing the energy distances between the maxima of spectral
oscillations in a zero magnetic field from the experiment and the
thickness of the QW, it is possible to determine the values of the wave
vector 𝐾𝑁 corresponding to the oscillations. The 𝐾𝑁 values obtained
in this way are used to calculate the energies of the corresponding
exciton states in different magnetic fields. The calculation results for
𝐵 = 0, 1, 2, and 3 T are presented in Fig. 3. This figure also shows the
exciton energies obtained from the experiment in the paper [34]. As
seen, the figure demonstrates good agreement between the calculations
and the experimental data.

Both the experimental and calculated values of the exciton energies
can be approximated by the expression:

𝐸(𝐾𝑁 , 𝐵) = 𝐸𝑔 + 𝑅𝑋 +
ℏ2𝐾2

𝑁 . (12)

2𝑀ℎ(𝐵)

4 
Fig. 3. Comparison of the theoretically obtained energies of the exciton states (red
symbols) with energies of maxima in experimental spectra (blue symbols) in magnetic
fields 𝐵 = 0, 1, 2, and 3 T for different values of the exciton wave vector. Curves
approximate the field dependence of the energies using expression (12).

The quantity 1∕𝑀ℎ(𝐵) is the exciton reciprocal mass, which varies
in the applied field 𝐵, see [34]. Fig. 4 shows the theoretical values
obtained in this work and the experimental values of 1∕𝑀ℎ(𝐵) obtained
in the work [34] for the magnetic field strength up to 3 T. We ap-
proximated the numerically obtained magnetic field dependence of the
reciprocal exciton mass by the expression

1
𝑀ℎ(𝐵)

= 1
𝑀ℎ(0)

− 𝛼 𝐵2. (13)

Here 1∕𝑀ℎ(0) is the reciprocal exciton mass in zero field and 𝛼 =
0.046 𝑚−1

0 ×T−2. In Ref. [34], a similar expression was used to fit the ex-
perimental data. The experimentally obtained value of this parameter,
𝛼 = 0.048 𝑚−1

0 × T−2. So, the theory well agrees with the experiment.
Note that in the calculations we employ only the material parameters
of GaAs, published in literature. The good agreement between the
theory and the experiment indicates that the material parameters of
GaAs used in the calculations are sufficiently accurate. The agreement
also indicates that all valuable effects of magnetic field on the moving
exciton are included in the theory. The obtained results allow one to
expect that the experimental study and theoretical modeling of MSE in
other semiconductors can be used to refine material parameters if they
are known with low accuracy.

Let us analyze the role of the heavy-hole–light-hole mixing of
exciton states in the change of 1∕𝑀ℎ(𝐵). First, we ignore the mixing,
𝑉𝐾 𝐵 = 0, but keeping MSE, 𝐹 (ℎ)

𝐾 𝐵 ≠ 0. The results are shown in
Fig. 4. As seen, the change in the reciprocal mass in this case is
significantly weaker compared to that when the mixing is included in
the calculations. Moreover, the dependence 1∕𝑀ℎ(𝐵) for 𝐵 > 0.5 T is
linear with good accuracy. Only for small 𝐵 ≤ 0.5 T, this dependence
is parabolic. Thus, the mixing of the heavy-hole and light-hole exciton
states leads to significant qualitative and quantitative changes in the
1∕𝑀ℎ(𝐵) dependence.

Another case when the MSE contribution is absent (𝐹 (ℎ)
𝐾 𝐵 = 𝐹 (𝑙)

𝐾 𝐵 = 0)
but the heavy-hole–light-hole exciton coupling is present (𝑉𝐾 𝐵 ≠ 0) is
also shown in Fig. 4. As seen 1∕𝑀ℎ(𝐵) is almost independent of the
applied magnetic field. In other words, the contributions of the MSE
and mixing of heavy-hole and light-hole exciton states to the 1∕𝑀ℎ(𝐵)
dependence are not additive.

This non-additivity of the contributions is caused by the redistribu-
tion of the MSE owing to the mixing of the heavy-hole and light-hole
exciton states by perturbation 𝑉𝐾 𝐵 . The effective electric fields for
heavy-hole and light-hole excitons are shown in expression (9). In
GaAs, 𝐹 (𝑙)

𝐾 𝐵 is about 3.4 times higher than 𝐹 (ℎ)
𝐾 𝐵 . Therefore, without

perturbation 𝑉 , the MSE for the light-hole exciton should also be 3.4
𝐾 𝐵
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Fig. 4. Calculated (red filled circles) and obtained in Ref. [34] experimental (blue
diamonds) values of the reciprocal mass of the heavy-hole exciton. Solid curves are
approximations with the expression (13). The red empty squares show the calculation
results for 𝐹 (ℎ,𝑙)

𝐾 𝐵 ≠ 0 and 𝑉𝐾 𝐵 = 0 and the empty red diamonds for 𝑉𝐾 𝐵 ≠ 0 and
𝐹 (ℎ)
𝐾 𝐵 = 𝐹 (𝑙)

𝐾 𝐵 = 0. Dashed lines are linear approximations.

times stronger than for the heavy-hole exciton. Mixing by perturbation
̂𝐾 𝐵 in (7) leads to an effective nonlinear enhancement of the MSE for
he heavy-hole exciton at the expense of weakening this effect for the

light-hole exciton.
Let us compare now the magnitude of the MSE in a wide QW and

n a bulk crystal. This magnitude is determined by the value of the
effective electric field, which linearly depends on the exciton wave
vector, see Eq. (9). In optical spectra of bulk materials, only the exciton
tates with a wave vector equal to the wave vector of light (𝑞 ≈
.7 × 105cm−1 for GaAs) are observed. The exciton states considered
n this paper correspond to much larger wave vectors exceeding the

wave vector of light by about an order of magnitude. For example,
the maximum value of the exciton wave vector considered in this
work exceeds 𝑞 approximately ten times, 𝐾 ≈ 2.5 × 106 cm−1. The
effective electric field proportionally exceeds this magnitude for the
bulk GaAs. As a consequence, the MSE in wide quantum wells is giant
in comparison with the effect in bulk semiconductors.

An external electric field directed against the effective field can be
sed to compensate for the MSE, see, e.g., Ref. [38]. However, in the
ase of quantum wells, where the exciton states with different wave
ectors are observed, such compensation is possible only for one of the

states since the effective field depends on the wave vector. It should
e noted that the implementation of such experiments for large wave
ectors and, accordingly, large effective electric fields is a non-trivial
ask because of the high conductivity along the quantum well layer,
hich does not allow applying an electric field of noticeable magnitude.

The exciton energy shift due to the MSE, like the usual Stark shift,
partially occurs because of a decrease in the binding energy, see,
e.g., [65,66]. Another origin of the shift is the interaction of the induced
ipole moment of the exciton [see Fig. 2(c)] with the electric field.

The energy decrease is determined by the strength of the effective
electric field, which is proportional to the magnitude of the wave
vector. Consequently, the binding energy decreases much stronger in
quantum wells (by about one order of magnitude in our case) than in
bulk materials. Still, as estimates show, the binding energy of exciton
remains nonzero, which saves the exciton as the coupled electron–hole
pair at all magnetic fields and wave vectors considered in this work.

The exciton in the effective electric field increases in size. In partic-
ular, it acquires a dipole moment along the electric field direction, see
Fig. 2(c), and it becomes slightly larger in the perpendicular direction,
see Fig. 2(b). The latter is due to the decrease of the binding energy.
We should note again that the magnitude of these changes in the
exciton size is proportional to the effective electric field and, therefore,
considerably larger than in the case of bulk materials.
5 
We have considered the MSE for a wide QW, in which the QW
ayer is described by the same material parameters as the bulk GaAs.

However, this model remains applicable to wide QWs based on other
semiconductors of cubic symmetry, whose properties can be described
by the Luttinger Hamiltonian. The mixing of heavy-hole and light-hole
exciton states originates from the off-diagonal terms of the Luttinger
Hamiltonian, which describes the corrugation of the constant energy
surface for holes. The corrugation strength is described by the Luttinger
parameter 𝛾3, which is a material constant. Besides, the light-hole–
heavy-hole exciton mixing depends on the ratio of the electron and the
hole masses, which are included in the perturbation operator (8). So,
arameter 𝛾3 and the ratio of masses control the mixing in different
emiconductors. For the case of QWs, in which the uniaxial deforma-
ion along the growth axis occurs because of the difference of lattice
onstants of the QW and barrier layers, the splitting of the energy of the
ight-hole and heavy-hole excitons should be introduced into expression

(4). This splitting does not depend on the applied magnetic field and
the exciton wave vector.

3. Conclusions

The effect of a magnetic field on exciton states in wide quantum
wells is analyzed in the framework of the giant magneto-Stark effect.
reviously, this effect was analyzed in a similar way only for bulk
aterials and for stacking faults, i.e., for relatively small exciton wave

ectors comparable to that light. Exciton states observed in the re-
flectance spectra of wide quantum wells are characterized by wave
vectors that are significantly greater than the wave vector of light.
Correspondingly, the magneto-Stark effect in such wells is strongly
magnified in comparison with a similar effect in bulk materials.

The diamagnetic shift of the exciton energy plays an important
role in the giant effective electric field, which tends to dissociate
the exciton. However, diamagnetic energy shift, which quadratically
increases with magnetic field, prevents the exciton from dissociating
into free carriers in the effective electric field.

The analysis also shows that, in the case of the giant magneto-Stark
effect the mixing of heavy-hole and light-hole excitons plays an im-
portant role. This mixing leads to a redistribution of the magneto-Stark
effect strength between the states of light-hole and heavy-hole excitons.

he mutual action of the magneto-Stark effect and the mixing of heavy-
nd light-hole states can be described as an effective reduction in the
eciprocal mass of the exciton in a magnetic field.

A comparison of the calculated values for the exciton energy shifts
and the effective change in the reciprocal exciton mass caused by the
magneto-Stark effect demonstrates good agreement between theory and
experimental results, published in Ref. [34]. This agreement is achieved
by employing only the material parameters of GaAs without any fitting
parameters. We believe that the good accuracy of the model could be
used in MSE experiments to determine the material parameters of the
poorly studied semiconductor compounds. We should note, however,
that the proposed model is applicable only in the case of large exciton
wave vectors significantly exceeding the wave vector of light.
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Appendix A

Let us assume that the Cartesian coordinates 𝑥, 𝑦, and 𝑧 are directed
along the crystallographic directions [100], [010], and [001], respec-
tively. Than the Hamiltonians of a free electron in the conduction band
and a free hole in the degenerate valence band, which are included in
the expression (2), have the form, see, e.g., [54]

̂ 𝑐 =
ℏ2�̂�2𝑒
2𝑚𝑒

Ĥ𝑣 = ℏ2

2𝑚0

[

𝛾1�̂�
2
ℎI − 2𝛾2

∑

𝛼=𝑥,𝑦,𝑧
𝐽 2
𝛼

(

�̂�2𝛼 ℎ −
1
3
�̂�2ℎ

)

− 4𝛾3
∑

𝛼≠𝛽
{𝐽𝛼 , 𝐽𝛽}�̂�𝛼 ℎ�̂�𝛽 ℎ

]

.

(A.1)

Here �̂�𝑒 and �̂�ℎ are the operators of the wave vectors of a free electron
and hole. The remaining notations used in this Appendix are explained
in Section 1.

The coordinates of a free electron and hole can be transformed into
those for the exciton center of mass and relative electron–hole motion
according to the expressions; see, e.g., [51]

𝐑 =
𝐫𝑒𝑚𝑒 + 𝑚ℎ𝐫ℎ
𝑚𝑒 + 𝑚ℎ

, 𝐫 = 𝐫ℎ − 𝐫𝑒. (A.2)

Under the conditions we considered in Section 1, the operators of
free electron and hole can be expressed in terms of the momentum
operator of relative motion and the wave vector of exciton motion, see,
e.g., [51]

�̂�𝑧ℎ =
𝑚ℎ

𝑚𝑒 + 𝑚ℎ
𝐾 + 1

ℏ
�̂�𝑧 +

𝑒
𝑐 ℏ

𝑚𝑒
𝑚𝑒 + 𝑚ℎ

𝐴𝑧,

�̂�𝑥,𝑦ℎ = 1
ℏ
�̂�𝑥,𝑦 +

𝑒
𝑐 ℏ

𝑚𝑒
𝑚𝑒 + 𝑚ℎ

𝐴𝑥,𝑦,

̂ 𝑧𝑒 =
𝑚𝑒

𝑚𝑒 + 𝑚ℎ
𝐾 − 1

ℏ
�̂�𝑧 +

𝑒
𝑐 ℏ

𝑚ℎ
𝑚𝑒 + 𝑚ℎ

𝐴𝑧,

�̂�𝑥,𝑦𝑒 = − 1
ℏ
�̂�𝑥,𝑦 +

𝑒
𝑐 ℏ

𝑚ℎ
𝑚𝑒 + 𝑚ℎ

𝐴𝑥,𝑦.

(A.3)

Substituting these expressions into (A.1) and taking into account
Eqs. (2) and (A.2), we obtain

Ĥ𝑋 = Lℏ2𝐾2

2
−

�̂�2

2𝜇
− 𝑒2

𝜀0𝑟
+
( 𝑒
𝑐

)

Lℏ𝐾 𝐴𝑧

− 2 𝛾3
𝑚0

( 𝑒
𝑐

) 𝑚𝑒𝑚ℎ

(𝑚𝑒 + 𝑚ℎ)2
(

{𝐽𝑥, 𝐽𝑧}𝐾 𝐴𝑥 + {𝐽𝑦, 𝐽𝑧}𝐾 𝐴𝑦
)

+
( 𝑒
𝑐

)2 𝑚3
𝑒 + 𝑚3

ℎ

2(𝑚𝑒 + 𝑚ℎ)2𝑚𝑒𝑚ℎ

∑

𝛼=𝑥,𝑦,𝑧
𝐴2
𝛼 .

(A.4)

The components of the vector potential of the magnetic field 𝐴𝑥,𝑦,𝑧 are
specified ambiguously, and their form depends on the gauge. The most
onvenient for calculations is Landau gauge (3). This gauge corresponds

to a new Cartesian coordinate system, in which the field is still directed
long 𝑥 ∥ [100], and the 𝑦′ axis is chosen parallel to the Lorentz force
ector. At 𝐁 ∥ [100], the 𝑦′-axis is directed along [011], and 𝑧′ along
01̄1].

The transformation into a new coordinate system with taking into
ccount the gauge (3) results in the following replacements in the

expression (A.4): 𝐾𝑧 →
√

𝐾2
𝑦′ +𝐾2

𝑧′ , where 𝐾𝑦′ = 𝐾∕
√

2 and 𝐾𝑧′ =

𝐾∕
√

2; 𝐴𝑧 → 𝐴𝑦′∕
√

2, 𝐴𝑦 → 𝐴𝑦′∕
√

2, 𝐴𝑥 → 0; �̂�2 → (�̂�′)2, and 𝑟 → 𝑟′.
After this transformation, we can omit the primes in superscript of the
new coordinates and obtain the Hamiltonian (4).
6 
Appendix B

To obtain a numerical solution of the eigenvalue problem with
 Hamiltonian (6), we employ the finite-difference approximation of

the operators (7), see, e.g., [62]. First, we consider the cylindrical
coordinates as discrete values: 𝑦 = ℎ𝑗 and 𝜌 = ℎ𝑢. Here ℎ is the grid
step, and 𝑗 and 𝑢 are integers from 1 to 𝑁 for states characterized by
angular momenta projections of electron and hole |3∕2,−1∕2⟩ and from
𝑁 + 1 to 2𝑁 for states with angular momenta projections |1∕2,−1∕2⟩.

The second derivative operators are represented by the central
second-order finite-difference formulas

𝜕2𝜑(𝛼)(𝑦, 𝜌)
𝜕 𝜌2 =

𝜑(𝛼)
𝑗 ,𝑢+1 − 2𝜑(𝛼)

𝑗 𝑢 + 𝜑(𝛼)
𝑗 ,𝑢−1

ℎ2
+ 𝑂(ℎ2),

𝜕2𝜑(𝛼)(𝑦, 𝜌)
𝜕 𝑦2 =

𝜑(𝛼)
𝑗+1,𝑢 − 2𝜑(𝛼)

𝑗 𝑢 + 𝜑(𝛼)
𝑗−1,𝑢

ℎ2
+ 𝑂(ℎ2).

(B.1)

Here, values 𝜑𝛼
𝑗 ,𝑢 are the unknown quantities of the eigenfunction on

the coordinate grid. The index 𝛼 = |3∕2,−1∕2⟩ or |1∕2,−1∕2⟩.
Also, the expressions (7) include the first derivative with respect to

𝜌, which can be represented as

𝜕 𝜑(𝛼)(𝑦, 𝜌)
𝜕 𝜌 =

𝜑(𝛼)
𝑗 ,𝑢+1 − 𝜑(𝛼)

𝑗 ,𝑢−1
2ℎ

+ 𝑂(ℎ2). (B.2)

The operator 𝑉𝐾 𝐵 in the expression (7) describing the mixing be-
tween the states |3∕2,−1∕2⟩ and |1∕2,−1∕2⟩ is represented
̂𝐾 𝐵𝜑(𝛼)(𝑦, 𝜌) = 𝛽 𝐾 𝐵 𝜑(𝛼)

𝑗±𝑁 ,𝑢±𝑁 𝑗 ℎ, (B.3)

where the upper sign of the index corresponds to 𝛼 = |3∕2,−1∕2⟩, and
the lower sign to 𝛼 = |1∕2,−1∕2⟩.

The remaining terms in the expression (7) should be transformed
using the replacements 𝑦 = ℎ𝑗 and 𝜌 = ℎ𝑢. At given magnitudes 𝐵 and
𝐾, these terms are the product of the values 𝜑𝑗 ,𝑢 by some constants.

The matrix operator (6) with elements (7) can be represented
using finite-difference schemes (B.1)–(B.3) as a some-diagonal matrix.

he number of diagonals is equal to the number of quantities of the
igenfunction, which are used to describe the Hamiltonian (6) at given
𝑗 and 𝑢. It is seen from (B.1)–(B.3) that there are only seven such
quantities: 𝜑𝛼

𝑗 ,𝑢, 𝜑𝛼
𝑗±1,𝑢, 𝜑

𝛼
𝑗 ,𝑢±1, 𝜑𝛼

𝑗±𝑁 ,𝑢±𝑁 . Thus, the problem of finding
he eigenvalues of the Hamiltonian (6) is reduced to the diagonalization

of a seven-diagonal matrix.

Data availability

The authors are unable or have chosen not to specify which data
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