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Abstract—The Zeeman splitting in the GaAs/AlGaAs heterostructure is investigated experimentally. Numer-
ical analysis performed for the wavefunctions of exciton states, which takes into account the bands of heavy
holes, light holes, and the band split by the spin–orbit interaction, is the quantitative agreement with exper-
imental data both for an exciton with a heavy hole and for that with a light hole. It is shown that for explaining
the experimental values of the Zeeman splitting in the quantum well under investigation, it is necessary to take
into account both the Coulomb interaction and the contribution from the three bands in the valence band.
The effect of screening of exciton states by a 2D gas of electrons with concentration n ≈ 109 cm–2 is described.
Numerical calculations are performed for a large range of quantum well widths and aluminum concentrations
in barriers; the chart of the dependence of the effective g factor on these parameters is plotted for magnetic
field B = 5 T.
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1. INTRODUCTION

Analysis of magnetic excitons in GaAs/AlGaAs
quantum wells (QWs) [1–4] has revealed the nonlin-
earity of exciton state splitting in a magnetic field. This
nonlinearity can be explained by the clearly mani-
fested effect of renormalization of the g factor (a
change in the Zeeman splitting of a free charge carrier
primarily under the influence of adjacent bands in the
semiconductor). For example, the simple conduction
band in GaAs makes it possible to describe the effect
of g factor renormalization by the Roth expression [5].
The distances to adjacent bands appearing in this
expression vary in GaAs/AlGaAs QWs due to size
quantization, which leads to a change in the renormal-
ization effect [6–8] that has been measured experi-
mentally from the Faraday rotation signal. The magni-
tude of this effect is small to the extent of the ratio of
the size quantization energy to the distance to adjacent
bands.

Apart from the electron, the behavior of an exciton
in a magnetic field is determined by the hole. The
approach to the valence band, which is analogous to
the Roth formula, makes it possible to obtain parame-
ter κ determining the energy of interaction of the hole
angular momentum with the magnetic field with the
account for the effect of the nearest bands [9]. How-
ever, this parameter does not include the interaction of
the bands of heavy holes, light holes, and the spin-split
band with one another. Therefore, this parameter

determines the “bare” g factor of holes, which is sub-
jected to subsequent renormalization due to the inter-
action of the three aforementioned bands. Closely
spaced bands of heavy and light holes make a larger
contribution to the renormalization of the “bare”
value of the g factor; however, as will be shown below,
the inclusion of the effect of the spin-split band is
required for a comprehensive description of the exci-
ton g factor.

Finally, the Zeeman splitting of the exciton state
differs from the simple sum of splittings for electron
and hole bands. For wide quantum wells, the exciton
wavefunction is formed as a standing wave and can be
described approximately by the wavevector of the exci-
ton center of mass. In such quantum wells, the depen-
dence of renormalized exciton g factor on the
wavevector for quantum wells based on GaAs, CdTe,
and ZnSe was demonstrated [10–14]. In these publi-
cations, the value of the g factor was described more or
less successfully by the mixing of the heavy and the
light holes in the valence band. Nevertheless, a simpler
model proposed in [10–13], which presumes a factor-
izable exciton wavefunction with the separation of the
center-of-mass motion from the relative motion of the
electron and the hole, cannot claim to a description of
the variation of the g factor with a magnetic field due
to the variation of mixing. More complicated models
[14] involve numerical microscopic interaction of the
exciton wavefunction, which, in particular, reflects the
compression of the exciton wavefunction by the mag-
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ZEEMAN SPLITTING OF EXCITONS 657
netic field and, hence, can describe the behavior of the
exciton energy in a magnetic field more comprehen-
sively, including the Zeeman splitting under the effect
of the g-factor renormalization.

The pioneering works devoted to analysis of exci-
tons in typical quantum wells (of width 5–20 nm) [1–
4] are based on the calculation of the size quantization
levels of charge carriers, for which then the energy cor-
rection due to the Coulomb interaction is calculated.
Nevertheless, the contribution of exciton effects to the
renormalization of the g factor in such systems is also
significant [15]. The inclusion of exciton effects as a
correction often turns out to be insufficiently accurate.
This follows from the considerable difference between
the experimentally obtained values of the exciton g
factor and the numerically obtained values. The dis-
crepancy is also preserved in the attempt at taking into
account additional mixing appearing due to the crystal
symmetry breaking at the QW boundaries [16]. Sym-
metry considerations lead to the conclusion that such
a mixing is possible, but, unfortunately, fail to estimate
its value. In [15, 16], the mixing is characterized by
parameter tlh = 0.5; however, the values of the g factor
calculated in these works are only in satisfactory
agreement with experimental values. At present, the
actual value of this parameter is unknown, and addi-
tional measurements and refined models are required
for a reliable determination of the magnitude of this
effect.

On the other hand, the experimental data in the lit-
erature are diversified and unreliable. For example, in
early publications [1–4], the half-width at the half-
amplitude of the resonances under investigation is sel-
dom smaller than 1 meV, which renders the observa-
tion of exciton state splitting in fields lower than 2 T
rather unreliable. In addition, as shown in [17], even a
low concentration of a 2D electron gas (2DEG)
(approximately, 5 × 109 cm–2) can screen the Cou-
lomb potential in the exciton. In the case of screening,
the exciton wavefunction also changes, which, in turn,
changes the Zeeman splitting renormalization effect.
This effect is also illustrated in this study.

Finally, the Zeeman splitting of an exciton with a
light hole can demonstrate strong nonlinearity in the
case of anti-intersection of this state with the excited
states of an exciton with a heavy hole [4, 16]. This
effect also varies with the QW width and must be man-
ifested in quantum wells with a width smaller than 14
nm for an aluminum concentration in barriers of 30%.
Such an anti-intersection additionally complicates
experimental investigations and practically rules out
the description of splitting of the exciton resonance
with the help of a single g factor parameter for an exci-
ton with a light hole.

Therefore, a detailed experimental investigation of
the behavior of exciton resonances in typical
GaAs/AlGaAs QWs with a width from 5 to 30 nm
using high-quality heterostructures that are available
JOURNAL OF EXPERIMENTAL AND THEORETICAL PH
today. Such an investigation must be accompanied
with microscopic numerical calculations of the exci-
ton wavefunctions. This study is a first step in this
direction. We have analyzed a high-quality hetero-
structure with a quantum well of width 14 nm with a
low aluminum concentration (about 3%) in barriers.
The low aluminum concentration has made it possible
to disregard the effects of discontinuities in effective
masses [18] and permittivities [19] at the QW bound-
aries. The relatively low barriers also allow one to dis-
regard additional mixing of bands in the valence band
because of symmetry breaking at the QW boundaries
[16]. We succeeded in obtaining a reliable description
of the g factor for an exciton with a heavy hole as well
as for that with a light hole. For this, we have taken
into account in numerical calculation the mixing of
bands for heavy holes, light holes, as well as the spin-
orbit-split band.

The article has the following structure: in
Section 2, details of the numerical method are
described, as well as the details of the experimental
method used in this study. Section 3 contains the
description of the results and comparison of the
numerically obtained exciton energies with experi-
mental values. In Section 4, detailed analysis of the
results is performed, while in Section 5, our results are
generalized and summarized.

2. METHODS
We have used a specially developed numerical

method for obtaining the wavefunctions and energies
of exciton states for analyzing the experimentally
obtained values of exciton transition energies. We
have measured the ref lection spectra of the
GaAs/Al0.03Ga0.93As heterostructure with a quantum
well having a nominal width of 14 nm. These spectra
are shown in Fig. 1. The heterostructure is character-
ized by a high crystal quality. In particular, this is man-
ifested in comparable values of the radiative and non-
radiative broadenings of the exciton resonance line in
the reflection spectra. As in our previous publications,
we analyze the reflection spectra by fitting the mea-
sured spectra with the help of expressions

(1)

(2)

where rb is the background amplitude reflectance, rQW
is the contribution to the reflection coefficient of exci-
ton resonances, each of which has energy ωj, radiative
broadening Γ0j, and nonradiative broadening Γj.
Quantity φ is the phase shift between light reflected
from the heterostructure surface and light reflected
from the quantum well. The stage-by-stage derivation

φ

φ
+

=
+

2

,
1

i
b QW

i
b QW

r e r
R

r e r

Γ
=

ω − ω + Γ + Γ
�

�

0

0

,
( )

j
QW

j j j j

i
r

i

� �
YSICS  Vol. 137  No. 5  2023



658 GRIGORYEV et al.

Fig. 1. Reflection spectra of a heterostructure with a
GaAs/AlGaAs quantum well of nominal width 14 nm in a
magnetic field of up to 6 T in two circular polarizations.
Xhh and Xlh mark the position of the exciton resonance
with a heavy and a light hole, respectively.
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of these expressions was described in monograph [20].
In this study, we observed in experiments the reso-
nances of excitons with a heavy hole, light hole, as well
as the states of trions. The sums of the contributions
from these resonances is described by formula (2). The
applicability of these expressions also confirms the
high quality of the sample under investigation. Indeed,
the expressions disregard the nonuniform broadening
of resonances, and their ability to describe accurately
the observed spectra indicates that such broadening is
negligibly small as compared to the uniform broaden-
ing of resonances.

The experimental spectra for the samples at tem-
perature T = 1.2 K, which have been measured for two
circular polarizations, are shown in Fig. 1. Exciton
resonances for excitons with a heavy and a light hole
are denoted by Xhh and Xlh, respectively. In a magnetic
field, these resonances experience a diamagnetic shift
and the Zeeman splitting, which is manifested more
clearly for the resonance of an exciton with a light
hole. In addition, two more resonances with energies
lower than the energy of an exciton with a heavy hole
are observed; we ascribe these resonances to trion
states with the singlet and triplet configurations.

The experimental data were interpreted using
numerical simulation. The numerical method devel-
oped earlier [14, 21–24] makes it possible to obtain the
solution to the Schrödinger equation for an exciton in
a quantum well and takes into account the effect of
mixing of bands of heavy and light holes. This tech-
nique employs the finite-difference method for
obtaining a large sparse matrix corresponding to the
exciton Hamiltonian. This matrix is partly diagonal-
ized using the Arnoldi algorithm. The approach to
constructing the matrix based on the Luttinger Ham-
iltonian was described in detail [24]. For a better
agreement with experiment, the Hamiltonian in this
study has been extended and also includes the band
split by the spin-orbit interaction. The structure of
such a Hamiltonian for the valence band was
described in monograph [25]. The total exciton Ham-
iltonian was written in form

(3)

where Hc describes the conduction band,  describes
the valence band, while the third and fourth terms
describe the Coulomb interaction and the QW poten-
tial (e is the electron charge, ε is the permittivity of
GaAs, r is the distance between the electron and the
hole, and U(ze, zh) is the rectangular potential of a
quantum well with electron and hole coordinates ze
and zh along the heterostructure growth axis). Analo-
gously to the approach used in [24], the first, third,
and fourth terms in expression (3) appear in matrix
form Hex on the diagonal. The matrix form Hex itself
has dimension 6 × 6, and its structure follows from the
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structure of  describing the behavior of a hole in the
valence band.

A transition to the coordinates (ρ, φ) of the relative
motion and (X, Y) of the center of mass in the QW
plane corresponds to the cylindrical symmetry of the
diagonal part of the Hamiltonian and makes it possible
to separate the center-of-mass coordinates in the QW
plane and to use an ansatz of form

(4)

where x = ρcosφ and y = ρsinφ. After the substitution
of such an ansatz, the Hamiltonian becomes infinitely
large and consists of the 6 × 6 blocks of the initial
Hamiltonian represented in the basis of functions exp
(ikφφ), where φ is the angular coordinate of the relative
motion of an exciton in the QW plane and kφ are the
integer values of the exciton angular momentum pro-
jection. We have used a limited set of such functions
and composed the Hamiltonian matrix in a limited
basis. Following the notation used on [25], we can
write matrix  in form

(5)

in this case, the limited basis is characterized by a set
of numbers kφ: (0, 1, 2, –2, 1, 2, –2), which corre-
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spond to angular momentum projections for a hole
(3/2, 1/2, –1/2, –1/2, 1/2, –1/2, –1/2). In this nota-
tion, the diagonal is treated as complex conjugate
operators. Operator S = (F + G)/2 + Δ, where Δ = 341
meV is the spin-orbit splitting, describes the hole states
in the spin-orbit-split band. The operators themselves
are expressed in terms of the Luttinger parameters as

(6)

(7)

where kx, ky, kz are the components of the generalized
momentum operator for the hole and m0 is the elec-
tron mass. For numerical calculations, components
kx, ky, kz were represented in coordinate system (X, Y,
ρ, φ, ze, zh). The Luttinger parameters in numerical
calculations have the following values: γ1 = 6.98, γ2 =
2.06, γ3 = 2.9, and κ = –1.2. In the numerical tech-
nique used here, the generalized momentum was writ-
ten with the vector potential in the symmetric gauge
with a magnetic field directed along the z axis. The
form of operators F and G in terms of the Luttinger
parameters was given in [24]. These operators are the
diagonal components of the Luttinger Hamiltonian.

Strictly speaking, the coefficients in operators F
and G in the composition of operator S differ from the
Luttinger parameters to the extent of the difference of
the energy gaps between the spin-split band and the
upper conduction bands for heavy and light holes. A
more rigorous model must stem from the 14-band
model described in [16] and must use the parameter-
ization of this model, which corresponds to the exper-
imentally determined values of effective masses in the
bands of heavy and light holes.

The logics of constructing the limited basis is dic-
tated by the selection rules in number kφ, and the basis
is composed of an optically active state of a heavy-hole
exciton and a set of states of a light-hole exciton and
the exciton of the spin-orbit-split band with values of
kφ = 1, ±2, which are admixed first of all. In this study,
we omit the operators mixing the light-hole states of an
exciton with an exciton in the spin-orbit-split band and
do not consider either the mixing because of the sym-
metry breaking at the QW boundary described in [16].

In the approach used here, matrix  for a light-
hole exciton has form

(8)
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with a set of numbers kφ (0, –1, 2, –2, 0, 1) for the
light-hole state and the hole angular momentum pro-
jections (1/2, 3/2, –3/2, –3/2, 1/2, 1/2). For all
states, the electron spin projections in the conduction
band are assumed to be σz = –1/2 for expression (5)
and σz = 1/2 for expression (8). Therefore, the opera-
tor in the left upper corner describes optically active
states of a heavy exciton in expression (5) and a light
exciton in expression (8). For the light-hole exciton,
we also ignore the operators mixing the states of the
heavy-hole exciton with the states of the exciton in the
spin-orbit-split band.

The results of numerical simulation will be com-
pared below with experimental data in Fig. 1.

3. RESULTS
Before considering the results of our analysis, it is

worth to pay attention to the following feature of the
measured reflection spectra. Figure 2 shows the
reflection spectra in field B = 3 T, which have been
measured for opposite circular polarizations. The
measurements were taken in two regimes (with 2DEG
generation and without it). The 2DEG pumping was
performed by light from an incandescent lamp exciting
the reflection spectrum with energy exceeding 1549
meV. The measurements without 2DEG pumping
were performed using an interference filter cutting off
radiation with energy exceeding 1549 meV. Compari-
son of two spectra shows that 2DEG leads to an energy
shift of exciton states; this shift for the exciton state
with a light hole (0.11 meV) exceeds the shift for a
heavy-hole exciton (0.04 meV). The presence of
2DEG in the quantum well leads to the formation of
trion states [26]: the singlet state is observed in the σ–

polarization, while the triplet state is manifested in
two polarizations; however, the state in the σ+ polar-
ization becomes more distant from the exciton state
upon an increase in the magnetic field, while these
states in the σ– polarization merge into one as shown
in Fig. 1.

The screening of exciton states in GaAs/AlGaAs
quantum wells was considered in [17], where the
dependences of the exciton binding energy and its
oscillator strength on dimensionless parameter rs =
1/aB  were obtained, where aB is the exciton
Bohr radius and Ns is the 2DEG concentration. To
analyze this phenomenon, we fitted the reflection
spectra using the technique described in [24] and
compared the energies of exciton states with the results
of numerical calculations shown in Fig. 3. As regards
the position of exciton resonances, the measured
reflection spectra correlate with the results of calcula-
tion for a quantum well of width 12 nm. Such a differ-
ence from the nominal width is explained by the inho-
mogeneity of the experimental sample and amounts
for this sample to 7 monolayers relative to the point of
measurement of the heterostructure growth rate by the

π2 sN
YSICS  Vol. 137  No. 5  2023
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Fig. 2. Reflection spectra of a heterostructure with a GaAs/AlGaAs quantum well of nominal width 14 nm: (a) σ+ polarization;
(b) σ– polarization. Dashed curves, in contrast to solid curves, are the data measured without injecting the 2D electron gas. In the
presence of 2DEG, trion states denoted as trion singlet and trion triplet are manifested.
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method of diffraction of fast electrons. As shown in
Fig. 3, the results of numerical calculation differ from
the experimentally obtained energies of exciton reso-
nances in the range of low fields. Measurements in
field B = 3 T make it possible to connect the result of
the numerical calculation with the energies of exciton
states in the screening conditions and to estimate the
value of screening. In zero magnetic field, the screen-
ing was ΔEscr = 0.09 meV for an exciton with a heavy
hole and ΔEscr = 0.27 meV for an exciton with a light
hole. Using the results obtained in [17], we have esti-
mated the 2DEG concentration corresponding to
such screening and found that Ns ≈ 109 cm–2. The
screening decreases with the magnetic field; however,
quantitative analysis of this effect requires additional
experimental and theoretical investigations.

It should be noted that a method for determining
the 2DEG concentration in a quantum well in hetero-
structures based on types II–VI semiconductors from
the relation between radiative broadenings of the trion
and the exciton was proposed and implemented in
[27]. In [28], the concentration in a system with a
WSe2 monolayer was successfully connected with the
energy difference between the states of the trion and
the exciton. These systems ensure a high binding
energy for the exciton and the trion, which simplifies
the measurement of trion states in experiment. For
implementing analogous approaches for GaAs-based
heterostructures, high-quality samples and low tem-
JOURNAL OF EXPERIMENTAL AN
peratures are required. For example, in the hetero-
structure investigated in this study, the trion signal
in the reflection vanishes almost completely even at
T = 4 K.

As can be seen from Fig. 4, the Zeeman splitting of
trion states differs from the splitting of a heavy-hole
exciton in the triplet state, but does not differ signifi-
cantly for the singlet state. Probably, the difference of
the trion wavefunction from the exciton wavefunction
leads to a change in the trion g factor because of the
effect of its renormalization.

Theoretical analysis of a 2D trion shows that a neg-
atively charged trion should not be bound in the triplet
configuration in the GaAs QW [29]. However, this
conclusion has not been confirmed experimentally.
For example, the experimental observation of a nega-
tive triplet trion in field B = 2 T was described in [30].
In our measurements, the triplet state was observed
even in field B = 1 T.

In Fig. 4, the results of numerical calculation are
compared with experimentally obtained energies of
exciton and trion resonances. For convenience, the
results of numerical calculations for the exciton are
shifted by 100 μeV. The positions of the levels of trion
states in Fig. 4 are shown by dashed curves that repeat
the curve for the exciton, but are shifted by 0.15 meV
(triplet state) and by 0.7 meV (singlet state).

In Fig. 4, two models are compared: the Luttinger
Hamiltonian used in [24] and the extended model
D THEORETICAL PHYSICS  Vol. 137  No. 5  2023
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Fig. 3. (a) Experimentally obtained energies of states of an exciton with a heavy hole (blue dots), an exciton with a light hole (red
dots), as well as the triplet (green dots) and singlet (purple dots) states of a trion in a GaAs/AlGaAs quantum well of width 14 nm.
(b, c) Results of numerical calculation of exciton states for quantum wells of width (b) 14 nm and (c) 12 nm. Colored curves in
(b) and (c) show the results of calculation corresponding characteristic grid pitches of 1.27 nm, 1.08 nm, and 0.93 nm. Black
curves are the results of extrapolation of numerical results from the grid pitch. Black curves in (a) duplicate black curves in (c) for
convenience of comparison of the results of calculation with experimental data.
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with account for the spin–orbit splitting of the band.
The inset to the figure shows the value of the effective
g factor as the proportionality factor between the mag-
netic field and the Zeeman splitting of the state of a
heavy-hole exciton. Comparison of the results of
numerical calculations with the experimentally
obtained values (bullets) shows a better agreement for
a more comprehensive model in which the effect of
the band split by the spin–orbit interaction is taken
into account.

The errors demonstrated in Fig. 4 indicate the gen-
eral broadening of the experimentally observed state,
but the inset shows a confidence level of 99% obtained
from the standard deviation of fitting of experimental
spectra, which has been described in detail in [24].
The position of exciton resonances can be determined
with standard deviation σ = 1–4 μeV. Comparison of
the most comprehensive calculation with experimen-
tal values of the g factor indicates a discrepancy for a
low value of the field and good agreement for higher
fields. We attribute this discrepancy to the screening
effect that affects the wavefunction geometry and,
hence, changes the magnitude of the effect of g factor
renormalization.

In addition to the effective g factor of an exciton
with a heavy hole, we give the value of this parameter
for an exciton with a light hole in the upper panel of
YSICS  Vol. 137  No. 5  2023
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Fig. 5. Comparison of numerically obtained values of the
effective g factor and diamagnetic shift constant κ with
experimentally obtained values as functions of the mag-
netic field.
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Fig. 5. The agreement with experiment is generally
worse; however, the numerical calculation exactly
reconstructs the dependence of the effective g factor on
the magnetic field. We define the effective g factor as

(9)

where ΔE is the Zeeman splitting of the exciton state,.
The lower panel in Fig. 5 shows the effective dia-

magnetic shift constant κ as a function of magnetic
field B, which is defined as

(10)

where  is the energy of the exciton state with
polarization σ+(σ–) and E(0) is the exciton energy in
zero magnetic field.

We believe that the discrepancy between the
numerically obtained values of the diamagnetic shift
constant is the result of the change in the exciton
screening upon an increase in the magnetic field. The
results of calculations are in good agreement with the
diamagnetic shifts reported in [1], where apart from
data correlating well with experimental values of
parameter κ, the data from earlier works deviating
towards smaller values are also presented. This may
indicate the manifestation of the exciton screening in
these works.

4. DISCUSSION
Figure 5 demonstrates a deviation of the diamag-

netic shift from the parabolic dependence upon an
increase in the magnetic field. Apart from the effect of
possible parasitic screening by free charge carriers, this

Δ=
μ

( )( ) ,
B

E Bg B
B

+ −σ σ+ −
κ = 2

( ) ( ) 2 (0)
,

2

E B E B E

B
+ −σ σ( )E
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complicates analysis of experimental data and com-
parison of the results of different investigations.

Finally, in Fig. 6, we represent the results of
numerical calculation of the effective g factor of an
exciton with a heavy hole for GaAs/AlGaAs QWs in a
wide range of aluminum concentrations in barriers
and for different QW widths. The data have been
obtained for magnetic field B = 5 T.

Figure 6 also shows the values obtained in our
experiments and available in the literature. The small
amount of experimental data can clearly be seen in the
figure. Indeed, the values of the g factor as a function
of the QW width can belong to a wide range compara-
ble with the range of variation of the effective g factor
with the magnetic field. Consistent investigations
require a large number of measurements, which must
be supported by numerical simulation like that used in
this study. However, it is also necessary to take into
account the change in the electron g factor [6–8], the
jump in effective masses and permittivities at the QW
boundaries [18, 19], as well as additional mixing
effects associated with symmetry breaking at the QW
boundary [16].

5. CONCLUSIONS
The numerical calculation of the exciton stated has

revealed good agreement with experimentally
observed dependences of the energies of heavy-hole
and light-hole excitons. To obtain this result, the
numerical calculation of exciton states developed by us
earlier [14, 21, 24] has been extended to take into
account the effect of the spin-orbit-split band in the
D THEORETICAL PHYSICS  Vol. 137  No. 5  2023



ZEEMAN SPLITTING OF EXCITONS 663
valence band. Comparison of the results of calcula-
tions based on the new model with experimentally
obtained results demonstrates the existence of the
effect of screening of the exciton state in the hetero-
structure under investigation. This effect was studied
theoretically in [17]. Comparison of our results with
the results of numerical simulation performed in this
study has made it possible to determine the 2DEG
concentration, Ns ≈ 109 cm–2. The observed screening
for an exciton with a light hole considerably exceeds
the screening for an exciton with a heavy hole. The
effect of screening decreases with the magnetic field,
which substantially reduces the observed value of the
diamagnetic shift. This effect is manifested especially
clearly for an exciton with a light hole. The numeri-
cally obtained values of the effective g factor repre-
sented in Fig. 6 for field B = 5 T in wide ranges of QW
widths and aluminum concentrations are confirmed
by experimental data reported in our earlier publica-
tions.
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