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Abstract—The ground and excited energy states of excitons in single square GaAs-based quantum wells are
found by the numerical solution of the three-dimensional Schrödinger equation. This equation is obtained
within the envelope-function formalism from the exciton energy operator using the spherical approximation
of the Luttinger Hamiltonian. Precise results for the exciton states are achieved by the finite-difference
method. The radiative decay rates of the calculated states are also determined.
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INTRODUCTION
Theoretical studies of the exciton states and the

radiative decay rate are crucially important for inter-
pretation of the experimental results [1]. Measure-
ments of the radiative decay rate for high-quality
quantum wells (QWs) show a variance of the results
[2, 3] especially for narrow QWs. Meanwhile, the
quality of heterostructures is permanently growing
and new data on exciton-light coupling have become
available recently [4, 5]. These recent data include the
radiative decay rates for the ground and excited states
of excitons in QWs.

The theoretical description of the exciton states in
heterostructures is complicated by the degenerate
valence band in the GaAs-based heterostructures. The
impact of the QW potential additionally impedes the
solution. The problem can be solved analytically only
in the limiting cases of very narrow or very wide QWs
(L < 10 nm and L > 150 nm for the GaAs QWs) [1]. On
the other hand, recent increase of the computer per-
formance has opened up an opportunity for numerical
study of exciton states as well as of the exciton-light
coupling for various widths of QWs. Nevertheless, the
numerical solution by the variational method [6, 7] is
mainly restricted to the exciton ground state. The
excited states are difficult to be obtained by the varia-
tional method.

We have developed a method for the precise
numerical solution of the Schrödinger equation for the
envelope-function of an exciton in a single square QW
of a finite height [8, 9]. This equation is obtained from
the exciton energy operator using the spherical
approximation of the Luttinger Hamiltonian [10].
Due to the reduced symmetry of the problem, one can
separate only three out of the six coordinates. Then,

the obtained three-dimensional equation is solved by
the finite-difference method [11]. As a result, the
energies of the ground and excited exciton states and
corresponding wave functions depending on the
remaining three coordinates have been determined.
The latter allowed us to calculate the radiative decay
rate, Γ0, with a good precision for various widths of
QWs. In the present report, we describe results of our
calculations of 1s-like exciton states for a heterostruc-
ture with GaAs/Al0.3Ga0.7As QW.

THEORETICAL MODEL

The exciton states in a single square QW are
defined by the three-dimensional partial differential
equation derived from the Schrödinger equation for
the exciton. For description of the degenerate valence
band, the spherical approximation of the Luttinger
Hamiltonian [10] is used, thus neglecting the corruga-
tion of the valence band. Additionally, the light-hole-
heavy-hole mixing is disregarded. This three-dimen-
sional equation for s-wave exciton states is given as [8]

(1)

where the kinetic term reads

(2)

1The article is published in the original.
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Fig. 1. The calculated energies of 1s-like heavy-hole states
of the exciton in GaAs/Al0.30Ga0.70As single square QW.
The label “GS” denotes the ground state, whereas “ES”
marks the excited states.
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In the equations, indices e and h denote the elec-
tron and the hole, respectively. The unknown function
f is related to the three-dimensional wave function ϕ
as [8, 9]  = , where ρ =

. The potentials  are
the finite square confinement QW potentials. The
term μ is the reduced effective mass in the xy-plane,

 is the hole mass in the z-direction. The exciton
binding energy, Eb, is defined by the exciton ground
state energy, EX, with respect to the lowest quantum
confinement energies of the electron, , and the
hole, , in the QW: . Energies

 and  are obtained from solution of the corre-
sponding one-dimensional Schrödinger equations for
the electron and the hole in the QW.

The exciton-light coupling is usually characterized
by the radiative decay rate, Γ0, which describes the res-
onance response of an exciton exposed to the electro-
magnetic excitation. For the exciton in a QW, the radi-
ative decay rate is given by the expression [1]:

(3)

Here, ,  is the light wave vector,
ω0 is the exciton frequency,  is the matrix element
of the momentum operator between the single-elec-
tron conduction- and valence-band states.

We have numerically solved the boundary value
problem for the three-dimensional partial differential
equation and accurately obtained energies of the exci-
ton states and the corresponding wave functions. The
exponential decrease of the wave functions at large
values of variables allowed us to impose zero boundary
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conditions for the function  at the boundary
of some rectangular domain.

For discretization we employed the second-order
finite-difference approximation [11, 12] of the partial
derivatives in the three-dimensional equation on the
equidistant grids over three variables. The nonzero
solution of this homogeneous equation with zero
boundary conditions can be found by diagonalization
of the matrix constructed from this equation. A small
part of the matrix spectrum was obtained by the
Arnoldi algorithm [13]. As a result, we have calculated
some lowest eigenvalues of the matrix and the corre-
sponding eigenvectors. Then, the radiative decay rate
was calculated using the trapezoidal rule for comput-
ing the integral for Γ0.

The calculations were performed for heavy-hole exci-
tons in the GaAs/Al0.3Ga0.7As heterostructures. In par-
ticular, the difference of the gap energies of the hetero-
structure was modeled as  meV; a
ratio of potential barriers: ; the Lut-
tinger parameters are taken to be , 
for GaAs and ,  for AlAs; the
dielectric constant  for GaAs and 
for AlAs [7, 14]. Masses and dielectric constants for
the ternary alloys are obtained by a linear interpolation
on x.

RESULTS

The energies of the exciton states and the radiative
decay rates in energy units, , have been calculated
for QW widths  nm. In Fig. 1, the ener-
gies EX (with respect to Eg) of exciton 1s-like states
below the sum of the lowest quantum confinement
energies of the electron and the hole, , are
shown. The number of exciton states is increased as
the QW becomes wider. The ground exciton state (GS)
takes place for any QW widths. The first excited state
(ES1) initially appears at the minimum QW width of
25 nm with the exciton energy  meV (beyond
the canvas of the Fig. 1). For narrow QWs, this state
can be approximated by the product of three one-
dimensional wave functions. They correspond to the
first excited quantum-confined state of the hole, the
ground quantum-confined state of the electron and
the Coulomb 1s-like state. For wide QWs, the upper
states for QWs of width  nm are difficult to be
distinguished and require more precise computations.

The calculated radiative decay rates in the energy
units, , for the four lowest exciton states,

, are given in Table 1. For the upper states at
the QW widths  nm, the radiative decay rates
seem to be less than 1 μeV. The radiative decay rate of
the first excited state ( ) becomes noticeable only
for wide QWs. As a result, in the theoretical calcula-

ρ( , , )e hf z z

Δ = + 21087 438gE x x
=/ 65/35e hV V

γ =1 6.85 γ =2 2.10
γ =1 3.76 γ =2 0.82

= 12.53e = 10.06e

� 0Γ
= −20 100L

+1 1e hE E

≈ 7XE

> 80L

� 0Γ n
= −1 4n

≥ 80L

� 02Γ
SEMICONDUCTORS  Vol. 52  No. 5  2018



CALCULATION OF ENERGY STATES OF EXCITONS IN SQUARE QUANTUM WELLS 553

Table 1. The radiative decay rates of the four lowest 1s-like
heavy-hole states of the exciton in the GaAs/Al0.30Ga0.70As
single square QW of different QW widths.

QW width (nm)
 

(μeV)

 

(μeV)

 

(μeV)

 

(μeV)

20 35 – – –

30 36 1 – –

40 38 2 1 –

60 45 6 5 1

80 52 13 7 5

100 58 23 5 9

� 01Γ � 02Γ � 03Γ � 04Γ
tions of , it is enough to consider only the ground
exciton state, thus to neglect mixing of the states by
means of the electric field of the light wave [15]. In
experimental studies of the exciton-light coupling in
high-quality heterostructures with GaAs/AlGaAs
QWs of corresponding widths, one should observe at
least the resonance response of the exciton ground
state. Indeed, the numerical results are consistent
with the experimental data for QW width of 20 nm
presented in [8] as well as for QW width of 12 nm
given in [16].

For narrow QWs (  nm), only the ground
state takes place. According to the table, the strength
of the exciton-light interaction corresponding to the
ground state (and upper states) decreases as L dimin-
ishes. That means that the most long-lived exciton in
the GaAs/Al0.3Ga0.7As QW is found to be for QW

widths  nm where  is smaller. The accurate
modeling of exciton states for such QW widths, how-
ever, should take into account the discontinuities of
the material parameters at the interfaces.

CONCLUSION

In summary, we calculated the ground and excited
energy states of the heavy-hole exciton in a single
square GaAs/Al0.3Ga0.7As QWs of various QW widths.

The numerical solution was performed using the
finite-difference approximation of the three-dimen-
sional Schrödinger equation and exact diagonalization
of the obtained matrix equation. The radiative decay
rates of the calculated 1s-like states were determined.
It is shown that the ground state has the largest radia-

0Γ n

< 25L

≤ 30L � 0Γ
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tive decay rate. The numerical results are consistent
with the experimental data for QW width of 20 nm
presented in [8] as well as for QW width of 12 nm
given in [16].
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