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Bosonic cascade lasers are terahertz (THz) lasers based on
stimulated radiative transitions between bosonic conden-
sates of excitons or exciton–polaritons confined in a trap.
We study the interaction of an incoming THz pulse reso-
nant in frequency with the transitions between neighboring
energy levels of the cascade. We show that at certain optical
pump conditions the cascade becomes transparent to the
incident pulse: it neither absorbs nor amplifies it in the
mean-field approximation. The populations of intermedi-
ate levels of the bosonic cascade change as the THz pulse
passes, nevertheless. In comparison, a fermionic cascade
laser does not reveal any of these properties. © 2018
Optical Society of America
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The concept of bosonic cascade lasers was introduced a few
years ago with the objective of generating THz frequency ra-
diation in a compact semiconductor system [1]. The bosonic
cascade is defined as a series of bosonic energy levels with equal
THz range spacing in energy. A boson excited in the highest
level can undergo a series of transitions down the cascade,
generating multiple THz frequency photons in analogy to
fermionic quantum cascade lasers [2,3], which were also devel-
oped in the THz regime [4–7]. The critical difference of a bo-
sonic cascade is that bosonic final-state stimulation enhances
the scattering rates such that even in the limit of a weak sponta-
neous scattering rate, particles can reach the ground level of the
cascade. A variety of theoretical considerations of bosonic
cascades have since been considered, including the quantum
statistics of the cascade levels [8] and the interplay of double
bosonic stimulation coming from a THz cavity and the bosonic

particles themselves [9]. Physical implementations of bosonic
cascades can be based on excitons or exciton–polaritons in
parabolic traps [10] and are presently under experimental
development [11,12].

In this paper, we discuss an analogue of electromagnetically
induced transparency (EIT) in bosonic cascades. EIT is cur-
rently studied in a large variety of systems including diluted
atomic gases [13,14], solid solutions, electromechanical [15],
optomechanical systems [16], etc. EIT is especially promising
for the slowing and storing of light [17]. EIT in Bose–Einstein
condensates has been extensively discussed as well, see
e.g., [18]. We find that bosonic cascades offer an interesting
peculiarity linked with the interplay of stimulated absorption
and emission of light in the cascade that leads to transparency
to terahertz radiation induced by a well-chosen intensity of op-
tical (electromagnetic) field. This mechanism is in contrast with
the coherent interference nature of EIT present in the most part
of the aforementioned works. Nevertheless, we show that it can
allow a nondestructive classical (i.e., nonabsorbing) measure-
ment of THz radiation.

We define the transparency of a system at a given frequency
as the property of allowing electromagnetic radiation to pass at
that frequency. This definition can still be applied to a system
that is already generating radiation at the chosen frequency.
In such case, the definition only means that there should be
no change to the generation rate when the system is illumi-
nated, or if some radiation is absorbed, an equal amount should
be re-emitted such that the net generation-absorption rate is
preserved.

We consider a cascade ofM bosonic levels, with populations
nk, coupled to a THz mode, with population nTHz, as illus-
trated in Fig. 1. Such a system has been described previously
by the system of semiclassical rate equations for the cascade
level populations nk [1]:

dn0
d t

� −
n0
τ
�W �n1�n0 � 1��nTHz � 1� − n0�n1 � 1�nTHz�;

(1)
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dnk
d t

� −
nk
τ
�W �nk�1�nk � 1��nTHz� 1� − nk�nk�1� 1�nTHz�

�W �nk−1�nk � 1�nTHz − nk�nk−1� 1��nTHz� 1��
∀ 0< k <M; (2)

dnM
dt

� P −
nM
τ

�W �nM−1�nM � 1�nTHz

− nM �nM −1 � 1��nTHz � 1��: (3)

HereW is the spontaneous transition rate between neighboring
levels, τ is the lifetime of particles in each level, and P is the
pumping rate. For simplicity, we assume that W and τ are in-
dependent of the level index. We also neglect higher order scat-
tering processes (e.g., parametric scattering processes [19]),
which were considered in detail in Ref. [1].

To model an incident THz field, we assume the existence of
a THz mode, with intensity nTHz, that overlaps with the bo-
sonic cascade modes. This THz mode is driven externally at
a rate PTHz, experiences gain Γ from relaxation processes in
the cascade, and leaves the system with a lifetime τTHz:

dnTHz

d t
� −

nTHz

τTHz

� Γ� PTHz: (4)

In the absence of any confinement of the THz mode (that is, in
the absence of any THz cavity), the lifetime can be estimated
from the time it takes a THz photon to cross the cascade. For
example, considering a 3 μm system size, a THz photon would
take approximately 0.01 ps to cross the system going at the
speed of light (assuming a refractive index of the system
material equal to 1 at THz frequency). Even though the
lifetime of a THz photon in the system is very short, it is im-
portant to describe the THz field in the system by a dynamical
equation to allow for the possibility of its depletion.

We define Γ as the net THz generation-absorption rate,
which is given by summing all the stimulated THz emission
processes and subtracting the absorption processes:

Γ � W
XM−1

k�0

�nk�1�nk � 1�nTHz − nk�nk�1 � 1�nTHz�

� W �nM − n0�nTHz: (5)

Only THz photons generated by processes stimulated by nTHz

are included in Γ. Spontaneously generated THz photons are
accounted for in the equations for the evolution of the cascade
levels, however they would be emitted in all directions while it
is implicit that nTHz represents a composition of THz photons
traveling in a particular direction through the system. Our
objective is to study the change in the net THz generation-
absorption rate, that is, Γ, when the system is subjected to a
THz field.

Equations (1)–(4) are readily solved numerically for the
steady state of the system. Figure 2 shows the variation of the
net THz generation-absorption rate, Γ, as a function of P and
PTHz, for typical parameters. It can be seen that for small
cascade pumping, the application of a THz field increases
the THz generation rate, while for large cascade pumping,
the application of a THz field reduces the THz generation rate.

This effect can be interpreted by considering that the THz
field tends to favor equal populations of all cascade levels, as it
can either enhance relaxation of particles in the cascade
(through stimulating THz emission) or enhance excitation
of particles in the cascade (through THz absorption). Since
the cascade pump, P, is applied to the highest level in the cas-
cade, it favors population of higher levels at weak intensity.
Application of the THz field then favors the relaxation of par-
ticles from these high levels resulting in THz emission. On the
other hand, a strong cascade pump favors relaxation to the
lower levels of the cascade, due to strong stimulated THz emis-
sion by cascade particles. In this regime, the THz pump favors
excitation of the cascade levels, corresponding to absorption of
THz photons.

The vertical contour in Fig. 2 that divides the regions of
positive and negative Γ is most important for our purposes.
The existence of this contour makes Γ almost independent

Fig. 1. Generic scheme of a bosonic cascade laser. A series of equally
separated energy levels with population nk are coupled via THz fre-
quency radiative transitions with spontaneous scattering rate W . The
highest level in the cascade is resonantly driven at rate P, and all cas-
cade levels dissipate energy at rate τ−1. An incident THz field PTHz is
considered, which leaves the system at a rate τTHz. We denote Γ as the
net terahertz generation rate.

Fig. 2. Contour plot of the dependence of Γ on P and PTHz. The
black spots indicate an example of values where Γ is unchanged from
switching PTHz on and off. Parameters:W τ � 8.3 × 10−7 (this value is
taken from calculations of transition matrix elements of excitons in
parabolic quantum wells [1], based on polaritons with lifetime in
the range of hundreds of picoseconds, the possibility of which was
recently shown experimentally [20,21]), τTHz � 10−3τ, M � 9.
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on PTHz at a selected value of P. Although it does not show on
the scale of the plot, the contour is very slightly curved; how-
ever, it is still possible to find specific values of P and PTHz for
which Γ is exactly zero in the presence and absence of PTHz

(these values are marked as black spots in Fig. 2). Under these
conditions, we would expect a continuous THz field to pass
through the system with no change to its intensity.

The dynamics of bosonic cascades subject to pump pulses
can be calculated by propagating Eqs. (1)–(4) numerically in
time. Figure 3 considers an initial steady state of the cascade
and then the application of a THz pulse. We do not specialize
to a pulse of any specific duration, but assume that it is longer
than the timescales set by τ and τTHz. In the time intermediate
between switch on and switch off of the square pulse, the sys-
tem is effectively in a steady state. This allows us to make gen-
eral statements about square pulses with different durations.
Given that polaritons may have lifetimes on the picosecond
timescale, it is implied that we consider pulses of duration
on the order of tens of picoseconds or longer. The intensity
of the square pulse and the cascade pump intensity are taken
to correspond to the black spots in Fig. 2.

Although the relative changes are not very large, they are
clearly noticeable. Consequently, the THz pulse is in principle
detectable for all times within the pulse duration. At the same
time, Fig. 4 shows the evolution of Γ when the THz pulse is
switched on and off. There are transient changes in Γ upon
switch on and off of the THz pulse; however, they are extremely
small, being on the order of 10−6 compared to the THz field
pump rate. Indeed this can be expected, as in an adiabatic re-
gime one follows the almost vertical contour in Fig. 2. In prac-
tice, since the contour is not perfectly vertical, small changes in
Γ occur when moving between the two steady states, and work-
ing in a non-adiabatic regime equally allows for keeping the
changes in Γ small. After the transient effects have died out,
Γ is exactly zero after switch on or off of the THz pulse, cor-
responding to a perfect transparency of the system to the
THz field.

For completeness, Fig. 4 shows also the evolution of the
THz mode population, nTHz. Since Γ is always very small, the
THz mode population essentially follows the sigmoid switch on
and off of PTHz. While we have considered square-shaped
pulses (with sigmoid edges), for which the physics of the system
can be interpreted as making transitions between the steady
states of Fig. 2, other pulse shapes could also be considered.
Pulse shapes with more abrupt edges give a larger transient con-
tribution to Γ, and for continuously varying pulse shapes
(e.g., Gaussian) there will always be in general a nonzero value
of Γ at all times. In principle, with Gaussian pulses it is possible
to arrange for the time-integrated value of Γ to be zero, through
tuning of P and PTHz. In such case the time-integrated inten-
sity of a THz pulse would be preserved; however, due to non-
zero instantaneous values of Γ, the THz pulse would become
reshaped in time.

It is instructive to compare the physics of bosonic cascades
with fermionic cascades, which obey a similar set of rate
equations to Eqs. (1)–(4), but with the stimulated terms
due to cascade occupation removed:

dn0
d t

� −
n0
τ
�W �n1�nTHz � 1� − n0nTHz�; (6)

dnk
d t

� −
nk
τ
�W �nk�1�nTHz � 1� − nknTHz�

�W �nk−1nTHz − nk�nTHz � 1��
∀ 0 < k < M; (7)

dnM
dt

� P −
nM
τ

�W �nM−1nTHz − nM �nTHz � 1��; (8)

dnTHz

d t
� −

nTHz

τTHz

� Γ� PTHz; (9)

where we now define Γ according to:

Γ � W
XM−1

k�0

�nk�1nTHz − nknTHz�

� W �nM − n0�nTHz: (10)

A direct comparison of fermionic and bosonic cascades us-
ing the same parameters is not particularly intuitive. Bosonic

Fig. 3. Evolution of the bosonic cascade level populations during a
THz pulse with square profile (numbers label the index of the cascade
level). The pulse is characterized by a switch on time t � ton (in the
left-hand plot) and a switch off time t � toff (in the right-hand plot).
Note that the curves shown have not been artificially translated. The
populations of the different cascade levels are generally different, apart
from the populations n0 and n9, which according to Eq. (5) are equal
for our chosen parameters (exactly in the steady state and approxi-
mately in the transient state). The parameters were the same as in
Fig. 2, with Pτ � 6 × 107. The square pulse had sigmoid edges (of
width τ) and a height PTHzτ � 2.14 × 107.

Fig. 4. Evolution of Γ and nTHz during a THz pulse with square
profile. Parameters were the same as in Fig. 3.
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cascades are designed to function in the limit W τ ≪ 1, where
they make use of the bosonic stimulation of scattering processes
to allow efficient relaxation through all levels of the cascade.
Fermionic cascades cannot function in the limit W τ ≪ 1; tak-
ing the typical value W τ � 8.3 × 10−7 [1] for bosonic cascades
and substituting into the fermionic case will leave a system
with no significant population of all but the highest level.

We can nevertheless consider the possibility of a fermionic
cascade achieving transparency, in the limit W τ > 1 using a
similar analysis to the bosonic case. Figure 5 shows a contour
plot of Γ on P and PTHz. Unlike the bosonic case, the contours
Γ�PTHz� � constant increase monotonically in PTHz, and it
is impossible to find parameters such that Γ is unchanged
when turning PTHz on and off.

The transparency in bosonic cascades has a different physical
origin compared to the well-known EIT. It does not rely on the
negative interference of pump and probe fields. Rather, it stems
from the exact compensation of the absorption and stimulated
emission of radiation and can be described in the mean-field
approximation neglecting the phase of light and interference
effects. On the quantum optical level, the bosonic cascades
are not transparent, strictly speaking. Single photons would still
be absorbed and emitted as cascade level populations fluctuate
about their mean-field populations. We have shown that the
change in the emitted mean-field intensity can match the ab-
sorbed terahertz intensity at certain conditions (namely the
condition represented by the vertical line in Fig. 2), but an
emitted photon may not have the same quantum optical prop-
erties as an absorbed one. For example, if an absorbed photon
had some particular quantum correlations (e.g., entanglement
with another particle that remains outside the system), there is
no reason to expect that the photon that is emitted to balance
the mean-field level populations should possess those same
correlations. While we cannot speak of preservation of the
quantum state of absorbed photons, at the classical level the
properties of bosonic cascades are nevertheless promising for

classical nondestructive photodetectors. THz pulses would
still leave traces in the instantaneous redistributions of mean
populations of the cascade levels. None of these effects can
be found in fermionic cascades.
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